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A SHORT PROOF OF THE TWELVE POINTS THEOREM
M. Cencelj, D. Repovsˇ and M. Skopenkov
Abstract. We present a short elementary proof of the following Twelve Points
Theorem: Let M be a convex polygon with vertices at the lattice points, containing
a single lattice point in its interior. Denote by m (resp. m∗) the number of lattice
points in the boundary of M (resp. in the boundary of the dual polygon). Then
m+m∗ = 12.
The Twelve points theorem is an elegant theorem, which is easy to formulate,
but no simple proof was available until now. In this paper we present a short and
elementary proof of this result. To state our theorem we need the following
Definition of the dual polygon. Let M = A1A2 . . . An be a convex polygon all
of whose vertices lie in the lattice of points with integer coordinates (Figure 1 on
the left). Suppose that O is the only lattice point in the interior of M . Draw the
vectors
−−−→
A1A2,
−−−→
A2A3, . . .
−−−→
AnA1 from the point O. Choose on each of the obtained
segments the nearest to O lattice point distinct from O. Connecting the n chosen
points consequtively, we get a polygon M∗, dual to the original polygon (Figure 1
on the right). Denote by m the number of lattice points in the boundary of M , and
by m∗ — in the boundary of the dual polygon.
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Figure 1.
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The Twelve Points Theorem. Suppose that O is the only lattice point in the
interior of a convex polygon M ; then
m+m∗ = 12.
This theorem appeared in [Ful93]. There are only some hints for the proof,
applying the theory of toric varietes. In an interesting paper [PRV00], completely
dedicated to the 12 points theorem, even four different proofs are discussed. Two
of them are rather long and they use toric varieties and modular forms respectively.
There are also outlined two proofs applying only linear algebra. The first of them
is exhausting (there are 16 different types of polygons M in our theorem up to
SL2(Z)). The idea of the second one is very close to the proof of recent paper.
Our elementary proof is analogous to one of the proofs of the Pick formula. We
reduce the Twelve points theorem to the specific case when M is a parallelogram
and m = 4. Let us begin with this latter case.
(1) If M = ABCD ia a parallelogram without lattice points in its sides then
m+m∗ = 12 (Figure 2).
Indeed, in this case O = AC ∩BD because the point symmetric to the point O
with respect to AC∩BD is a lattice point and belongs to the interior of ABCD, so it
coincides with O. It is easy to show that M∗ is a parallelogram with sides obtained
from the diagonals AC and BD by parallel translations with vectors±
−→
OB nd ±
−→
OA,
respectively. Since a unique lattice point O belongs to these diagonals, then any
side of the parallelogram M∗ contains one lattice point, hence, b+ b∗ = 4+8 = 12.
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Figure 2.
Now suppose thatM = A1A2 . . . An. Let us assume that all the lattice boundary
points of M are vertices (possibly, with the angle 180◦). This does not affect the
definition of M∗. Assume that some triangle Ai−1AiAi+1 is simple, i. e. it contains
no lattice points except its vertices (neither in the interior nor in the boundary).
Deleting a triangle is cutting off from polygon M the triangle Ai−1AiAi+1. The
reverse operation is called adding a triangle. Our reduction is based on the following
assertion:
(2) The value m+m∗ is preserved under delleting or adding a triangle.
It is sufficient to prove that deleting a simple triangle, say A1A2A3, from M
gives adding a simple triangle A12A13A23 to M
∗ (Figure 3). Here by Akl we denote
the point such that
−−−→
OAkl =
−−−→
AkAl. In particular, if l = k + 1 then Akl is a vertex
of the polygon M∗. Delete A1A2A3. Then one should delete from M
∗ the vertices
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A12 and A23, and add to it a new vertex A13. The last vertex shold be joined by
segments with An1 and A34.
Let us show that the points A12 and A23 beling to these segments. Indeed, since
O is the only lattice point inside M , it follows that the triangles A1OA3, A2OA3,
A4OA3 are simple. By the Pick formula their areas are equal to 1/2. Since they
have a common base OA3, it follows that the projections of the vectors
−−−→
A1A3,
−−−→
A1A3
and
−−−→
A1A3 on the direction normal to OA3 are equal.
This implies that the points A13, A23 and A34 belong to the same line, and A23
lies between the two others, because M is convex. It can be proved analogously
that A12 belongs to the segment An1A13. Therefore the transformation of M
∗ is
just adding the triangle A12A13A23.
Now note that the triangle OA12A13 is obtained from a simple triangle A1A2A3
by a parallel translation, and OA23A13 is obtained from it by a cental symmetry.
So the triangle A12A13A23 is simple, and assertion (2) is proved.
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Figure 3.
For the proof of our theorem it remains to notice the following:
(3) From any polygon M one can obtain a parallelogram without lattice points in
the sides by a sequence of deleting and adding triangles.
Indeed, first assume that M has a diagonal not passing through O. Cut M along
this diagonal and consider the obtained part not containing O.
This part necessarily contains a simple triangle of the form Ai−1AiAi+1. Deleting
it we decrease the number m. Repeat this operation until it is possible. Repetition
is impossible only in the following 3 cases (when such a diagonal does not exist):
A) m = 4, M = ABCD, O = AC ∩ BD. Since the segments OA, OB, OC and
OD do not contain lattice points, then OA = OC and OB = OD, that is ABCD
is the required parallelogram.
B) m = 4, M = ABD, and C belongs to the segment BD. In this case let us
denote by D′ the point symmetric to D with respect to O, and denote by E the
middle point of D′B. The required sequence of deleting/adding of triangles has the
form:
ABCD → AEBCD → AD′EBCD → AD′ECD → AD′CD (Figure 4 on the left).
C) m = 3, M = ABC. In this case denote by A′ and C′ the points symmetric to A
and C, respectively, with respect to O. The required sequence of deleting/adding
of triangles has the form:
ABC → AC′BC → AC′BA′C → AC′A′C (Figure 4 on the right).
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So in each case we obtain the required parallelogram, that completes the proof
of our theorem.
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Figure 4.
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ÝËÅÌÅÍÒÀÍÎÅ ÄÎÊÀÇÀÒÅËÜÑÒÂÎ ÒÅÎÅÌÛ Î 12
ÖÅËÛÕ ÒÎ×ÊÀÕ
ÓÄÊ 514
Ä. åïîâø, Ì. Ñêîïåíêîâ è Ì. Öåíöåëü
Òåîðåìà î 12 öåëûõ òî÷êàõ  êðàñèâîå è ïðîñòîå ïî îðìóëèðîâêå óòâåð-
æäåíèå, ó êîòîðîãî äî ïîñëåäíåãî âðåìåíè íå áûëî ïðîñòîãî äîêàçàòåëüñòâà.
Äàííàÿ çàìåòêà ïîñâÿùåíà åå ýëåìåíòàðíîìó äîêàçàòåëüñòâó. Äëÿ îðìóëè-
ðîâêè íàì ïîíàäîáèòñÿ
Îïðåäåëåíèå (Îïðåäåëåíèå äâîéñòâåííîãî ìíîãîóãîëüíèêà). Ïóñòü íà ïëîñ-
êîñòè èêñèðîâàíà äåêàðòîâà ñèñòåìà êîîðäèíàò. àññìîòðèì âûïóêëûé ìíî-
ãîóãîëüíèêM = A1A2 . . . An ñ âåðøèíàìè â öåëûõ òî÷êàõ, ñîäåðæàùèé âíóòðè
ñåáÿ ðîâíî îäíó öåëóþ òî÷êó O (èñ. 1). Îòëîæèì îò òî÷êè O âåêòîðà ñòîðîí
ìíîãîóãîëüíèêà
−−−→
A1A2,
−−−→
A2A3, . . . ,
−−−→
AnA1 è íà êàæäîì èç íèõ îòìåòèì áëèæàé-
øóþ ê O öåëóþ òî÷êó (îòëè÷íóþ îò O). Ñîåäèíÿÿ ïîñëåäîâàòåëüíî îòìå÷åííûå
òî÷êè, ïîëó÷èì ìíîãîóãîëüíèê M∗, äâîéñòâåííûé èñõîäíîìó. Îáîçíà÷èì êî-
ëè÷åñòâî öåëûõ òî÷åê íà ãðàíèöàõ ìíîãîóãîëüíèêîâ M è M∗ ÷åðåç m è m∗
ñîîòâåòñòâåííî.
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èñóíîê 1.
Òåîðåìà 1 (î 12 öåëûõ òî÷êàõ). Ïóñòü M  âûïóêëûé ìíîãîóãîëüíèê ñ âåð-
øèíàìè â öåëûõ òî÷êàõ, ñîäåðæàùèé âíóòðè ðîâíî îäíó öåëóþ òî÷êó. Òîãäà
m+m∗ = 12.
Ýòà òåîðåìà áûëà ñîðìóëèðîâàíà â êíèãå [1℄ ñ íåêîòîðûìè óêàçàíèÿìè ê
äîêàçàòåëüñòâó, èñïîëüçóþùåìó òåõíèêó òîðè÷åñêèõ ìíîãîîáðàçèé (ñì. òàêæå
[2℄). Â èíòåðåñíîé ñòàòüå [3℄, öåëèêîì ïîñâÿùåííîé ýòîé òåîðåìå, îáñóæäàþòñÿ
4 ðàçëè÷íûõ äîêàçàòåëüñòâà. Òðè èç íèõ äîâîëüíî îáúåìíû è îñíîâàíû ñîîò-
âåòñòâåííî íà ñâåäåíèè ê ïåðåáîðó 16 âàðèàíòîâ, òåîðèè ìîäóëÿðíûõ îðì è
2000 Mathematis Subjet Classiation. 52B20.
åïîâø è Öåíöåëü ÷àñòè÷íî ïîääåðæàíû Ìèíèñòåðñòâîì Îáðàçîâàíèÿ, Íàóêè è Ñïîðòà
åñïóáëèêè Ñëîâåíèÿ, èññëåäîâàòåëüñêàÿ ïðîãðàììà No. 101-509. Ñêîïåíêîâ ÷àñòè÷íî ïîä-
äåðæàí ãðàíòîì ÔÔÈ No. 02-01-00014.
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òåîðèè òîðè÷åñêèõ ìíîãîîáðàçèé. Èäåÿ ÷åòâåðòîãî î÷åíü áëèçêà ê èäåå äàí-
íîé çàìåòêè. (Äëÿ íåãî â óêàçàííîé ñòàòüå ïðèâîäèòñÿ òîëüêî ïëàí, ïðÿìàÿ
ðåàëèçàöèÿ êîòîðîãî òàêæå äîâîëüíî ãðîìîçäêà.)
Ïðèâåäåííîå íèæå ýëåìåíòàðíîå äîêàçàòåëüñòâî àíàëîãè÷íî îäíîìó èç äî-
êàçàòåëüñòâ îðìóëû Ïèêà. Ìû ñâîäèì òåîðåìó î 12 öåëûõ òî÷êàõ ê ÷àñòíîìó
ñëó÷àþ, êîãäà M  ïàðàëëåëîãðàìì è m = 4. Íà÷íåì èìåííî ñ ýòîãî ñëó÷àÿ:
(1) Åñëè M = ABCD  ïàðàëëåëîãðàìì áåç öåëûõ òî÷åê íà ñòîðîíàõ, òî
m+m∗ = 12 (èñ. 2 ).
Äåéñòâèòåëüíî, â ýòîì ñëó÷àå O = AC ∩ BD. Ýòî ñëåäóåò èç òîãî, ÷òî òî÷-
êà, ñèììåòðè÷íàÿ òî÷êå O îòíîñèòåëüíî AC ∩ BD,  öåëàÿ è ëåæèò âíóòðè
ABCD, à ïîýòîìó ñîâïàäàåò ñ O. Ëåãêî âèäåòü, ÷òî M∗  ïàðàëëåëîãðàìì,
ñòîðîíû êîòîðîãî ïîëó÷àþòñÿ èç äèàãîíàëåé AC è BD ïàðàëëåëüíûìè ïåðå-
íîñàìè íà âåêòîðà ±
−−→
OB è ±
−→
OA ñîîòâåòñòâåííî. Òàê êàê íà ýòèõ äèàãîíàëÿõ
ëåæèò åäèíñòâåííàÿ öåëàÿ òî÷êà O, òî íà êàæäîé ñòîðîíå ïàðàëëåëîãðàììà
M∗ ëåæèò ïî îäíîé öåëîé òî÷êå, îòêóäà m+m∗ = 4 + 8 = 12.
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Ïóñòü òåïåðü M = A1 . . . An. Áóäåì ñ÷èòàòü âñå öåëûå òî÷êè íà ñòîðî-
íàõ ìíîãîóãîëüíèêà M âåðøèíàìè (âîçìîæíî, ñ óãëîì 180◦). Íà îïðåäåëåíèè
M∗ ýòî íå îòðàçèòñÿ. Ïðåäïîëîæèì, ÷òî íåêîòîðûé òðåóãîëüíèê Ai−1AiAi+1
ïðîñò, òî åñòü íå ñîäåðæèò öåëûõ òî÷åê, îòëè÷íûõ îò âåðøèí (íè âíóòðè, íè íà
ñòîðîíàõ). Ýëåìåíòàðíîé îïåðàöèåéA1 . . . Ai−1AiAi+1 . . . An → A1 . . . Ai−1Ai+1 . . . An
íàçîâåì îïåðàöèþ óäàëåíèÿ òðåóãîëüíèêà Ai−1AiAi+1 èç M èëè îáðàòíóþ ê
íåé. Íàø ìåòîä ñâåäåíèÿ îñíîâàí íà ñëåäóþùåì óòâåðæäåíèè:
(2) Ïðè ýëåìåíòàðíîé îïåðàöèè âåëè÷èíà m+m∗ ñîõðàíÿåòñÿ.
Íàì äîñòàòî÷íî äîêàçàòü, ÷òî, íàïðèìåð, óäàëåíèå ïðîñòîãî òðåóãîëüíèêà
A1A2A3 èç M ïðèâîäèò ê äîáàâëåíèþ ïðîñòîãî òðåóãîëüíèêà A12A13A23 ê M
∗
(èñ. 3). Çäåñü ÷åðåç Akl îáîçíà÷åíà òî÷êà, òàêàÿ ÷òî
−−−→
OAkl =
−−−→
AkAl. Â ÷àñòíî-
ñòè, åñëè l = k + 1, òî Akl  âåðøèíà ìíîãîóãîëüíèêà M
∗
. Óäàëèì A1A2A3.
Òîãäà ó ìíîãîóãîëüíèêà M∗ èñ÷åçíóò âåðøèíû A12 è A23, çàòî äîáàâèòñÿ íî-
âàÿ âåðøèíà A13. Åå åùå íóæíî ñîåäèíèòü îòðåçêàìè ñ An1 è A34. Ïîêàæåì,
÷òî òî÷êè A12 è A23 ëåæàò íà ýòèõ îòðåçêàõ. Â ñàìîì äåëå, òàê êàê O  åäèí-
ñòâåííàÿ öåëàÿ òî÷êà âíóòðè M , òî òðåóãîëüíèêè A1OA3, A2OA3, A4OA3 
ïðîñòûå. Èç îðìóëû Ïèêà ñëåäóåò, ÷òî èõ ïëîùàäè ðàâíû 1/2. Ïîñêîëüêó îíè
èìåþò îáùåå îñíîâàíèå OA3, òî ïðîåêöèè âåêòîðîâ
−−−→
A1A3,
−−−→
A1A3 è
−−−→
A1A3 íà ïåð-
ïåíäèêóëÿð ê OA3 ðàâíû. Îòñþäà ñëåäóåò, ÷òî òî÷êè A13, A23 è A34 ëåæàò íà
îäíîé ïðÿìîé, à òàê êàêM  âûïóêëûé, òî A23 ëåæèò ìåæäó äâóìÿ îñòàëüíû-
ìè. Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî A12 ïðèíàäëåæèò îòðåçêó An1A13. Çíà÷èò,
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ïðåîáðàçîâàíèåM∗ ñâîäèòñÿ ê äîáàâëåíèþ òðåóãîëüíèêà A12A13A23. Çàìåòèì,
÷òî òðåóãîëüíèê OA12A13 ïîëó÷àåòñÿ èç ïðîñòîãî òðåóãîëüíèêà A1A2A3 ïàðàë-
ëåëüíûì ïåðåíîñîì, à OA23A13  öåíòðàëüíîé ñèììåòðèåé. Ïîýòîìó òðåóãîëü-
íèê A12A13A23  ïðîñòîé, ÷òî è òðåáîâàëîñü.
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èñóíîê 3.
Äëÿ äîêàçàòåëüñòâà òåîðåìû îñòàåòñÿ çàìåòèòü ñëåäóþùåå:
(3) Èç ëþáîãî ìíîãîóãîëüíèêà M ñåðèåé ýëåìåíòàðíûõ îïåðàöèé ìîæíî
ïîëó÷èòü ïàðàëëåëîãðàìì áåç öåëûõ òî÷åê íà ñòîðîíàõ.
Äåéñòâèòåëüíî, ïðåäïîëîæèì âíà÷àëå, ÷òî ó M åñòü äèàãîíàëü, íå ïðîõî-
äÿùàÿ ÷åðåç O. àçðåæåì M âäîëü ýòîé äèàãîíàëè è ðàññìîòðèì òó èç ïîëó-
÷åííûõ ÷àñòåé, êîòîðàÿ íå ñîäåðæèò O. Ýòà ÷àñòü îáÿçàòåëüíî ñîäåðæèò ïðî-
ñòîé òðåóãîëüíèê âèäà Ai−1AiAi+1. Ïîýòîìó ýëåìåíòàðíîé îïåðàöèåé ìîæíî
óìåíüøèòü ÷èñëî m. Áóäåì äåéñòâîâàòü òàê, ïîêà ýòî âîçìîæíî. Î÷åâèäíî,
åñòü òîëüêî òðè ñëó÷àÿ, êîãäà òðåáóåìîé äèàãîíàëè íå íàéäåòñÿ:
A) m = 4, M = ABCD, O = AC ∩BD. Òàê êàê îòðåçêè OA, OB, OC è OD íå
ñîäåðæàò öåëûõ òî÷åê, òî OA = OC è OB = OD, òî åñòü ABCD  èñêîìûé
ïàðàëëåëîãðàìì.
B) m = 4, M = ABCD, îäèí èç óãëîâ, ñêàæåì, BCD  ðàçâåðíóòûé. Â ýòîì
ñëó÷àå îáîçíà÷èì ÷åðåç D′ òî÷êó, ñèììåòðè÷íóþ òî÷êå D îòíîñèòåëüíî O,
÷åðåç E  ñåðåäèíó D′B. Èñêîìàÿ ñåðèÿ ýëåìåíòàðíûõ îïåðàöèé èìååò âèä:
ABCD → AEBCD → AD′EBCD → AD′ECD → AD′CD (èñ. 4).
C) m = 3, M = ABC. Â ýòîì ñëó÷àå îáîçíà÷èì ÷åðåç A′ è C′ òî÷êè, ñèììåò-
ðè÷íûå îòíîñèòåëüíî O âåðøèíàì A è C ñîîòâåòñòâåííî. Òîãäà èñêîìàÿ ñåðèÿ
èìååò âèä:
ABC → AC′BC → AC′BA′C → AC′A′C (èñ. 4).
Òåîðåìà äîêàçàíà.
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èñóíîê 4.
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Áëàãîäàðíîñòè. Àâòîðû áëàãîäàðíû Â.Â. Ïðàñîëîâó çà ïîñòàíîâêó çàäà-
÷è.
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